Abstract. Using Carleson measure theorem of weighted Bergman spaces, we provide a complete characterization of embedding theorem for Dirichlet type spaces. As an application, we study the Volterra integral operator and multipliers for Dirichlet type spaces.
Introduction
Let D be the unit disc of complex plane C, and ∂D be the unit circle. Denote 
where σ a (z) = a−z 1−az . If p > 0 and s ≥ 2, then F (p, p − 2, s) is the Bloch space. The spaces F (p, q, s) were introduced by Zhao in [28] and have attracted attention in recent years. we say tat µ is a vanishing p-Carleson measure. Let 0 < p < ∞, 0 < q < ∞ and µ be a positive Borel measure on D. We say that f belongs to the tent space T p,q (µ) if
Embedding theorem of Hardy space was first characterized by Carleson in [5] and [6] . The following result is the well known Carleson embedding theorem for the Hardy space.
Theorem A. Let µ be a positive Borel measure on D. Then the inclusion mapping i :
is bounded if and only if µ is a Carleson measure.
Duren generalized the above result to the case of the Bergman space (see [9] ). Stegenga studied the Carleson embedding theorem for Dirichlet type spaces in [23] . Wu in [26] proved the following theorem. In [26] , Wu left an open problem about p > 2 and conjectured that Theorem B remains true for 2 < p < ∞. In [10] , Girela and Peláez proved that this conjecture is false. Bearing in mind of Duren's embedding theorem of Hardy spaces, Girela and Peláez [11] proved the following result.
Theorem C. Let 0 < p < q < ∞ and µ be a positive Borel measure on D. Then the inclusion mapping i :
Arcozzi, Rochberg and Sawyer investigated the embedding theorems for Besov spaces in [4] . Xiao in [27] studied the embedding theorem from Q p spaces to tent spaces. Several embedding theorems for analytic function spaces are also obtain in [16] , [17] and [25] .
Based on Carleson measure theorem of Bergman spaces, we give a complete characterization of embedding theorem from the space D p p−1 into tent spaces T p,q (µ).
As an application, we study the Volterra integral operator and multipliers for the space D p p−1 . For two quantities A and B, the symbol A ≈ B means that A B A. We say that A B if there exists a constant C such that A ≤ CB.
embedding theorem
In this section, we give a complete characterization for the boundedness and compactness of the inclusion mapping i :
Theorem 1. Let 0 < p < ∞, 0 < q < ∞ and µ be a positive Borel measure on D. Then the following statements are equivalent.
(1) The inclusion mapping i :
Proof. The (2 ) ⇔ (3 ) is well known, see [29] . Now we need to prove (1 ) ⇔ (2 ). First we suppose that the inclusion mapping i :
It is easy to see that
which implies that µ is q + 1-Carleson measure. Conversely, let µ be a q + 1-Carleson measure. Then
where M is a positive constant. For any I ⊂ ∂D, let ζ be the midpoint of I and a = (1 − |I|)ζ. Note that
We divide the next proof into two cases, 0 < q < 1 and 1 ≤ q < ∞. For 0 < q < 1, noting that the inclusion mapping i :
So the inclusion mapping i : D 
Proof. (2 ) ⇔ (3 ) follows by [29, Theorem 7.8 ]. Now we shall prove that (1 ) ⇔ (2 ). First, we suppose that i :
Let {I n } be a sequence of subarcs of ∂D such that |I n | → 0 as n → ∞. Let w n = (1 − |I n |)ζ n , where ζ n is the center of I n . Take
Simple calculation shows that f n D p p−1 1 and the sequence {f n } converges to zero uniformly on compact subsets of D. 
Letting r → 1 and n → ∞, we have lim n→∞ f n Tp,q = 0.
So the inclusion mapping i :
The proof is complete.
Norm of integral operators
In this section, we consider the application of our embedding theorem to Volterra type operators. Recall that, for g ∈ H(D), the Volterra type operator, denoted by T g , is defined by (see, e.g., [19, 22] )
Similarly, another integral operator was defined by
The operators T g and I g are important operators since they are closely related with multiplication operator, i.e.,
where M g is the multiplication operator which defined by M g f (z) = f (z)g(z). In [19] , Pommerenke showed that T g is bounded on H 2 if and only if g ∈ BM OA. Aleman and Siskakis studied T g on H p and weighted Bergman spaces in [1, 2] . Recently, the operators T g and I g between some spaces of analytic functions were investigated in [1, 2, 7, 8, 12, 13, 14, 15, 18, 20, 21, 22] (see also the related references therein).
Moreover
Simple computation shows that f a D 
Since a is arbitrary in D, then g ∈ B and
For any I ⊂ ∂D, let ζ be the midpoint of I and a = (1 − |I|)ζ. We have
. Applying the embedding theorem, we get
p D F (p, p − 1, 1 
